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Abstract 

The authors present a unified theory of task difficulty in K-12 mathematics.  In a framework of 

text complexity, the difficulty of English text may be measured by the text’s syntactic 

complexity and semantic difficulty (Stenner, Burdick, Sanford, & Burdick, 2006).  Just as natural 

language is a sign system, so is mathematics.  The authors endeavored to identify potential 

syntactic and semantic elements that can be used to describe mathematics task difficulty.  

Informal review of the research literature in education, cognitive and developmental psychology, 

and cognitive psychometrics as well as consultation with subject matter experts suggested feature 

classes for the specification of the semantic and  syntactic elements of task difficulty.  Practical 

and philosophical benefits, including the facilitation of automatic item generation, are discussed.    
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A Unified Theory of Task Difficulty in K-12 Mathematics 

 

The research undertaken in this session addresses the question whether a plausible 

approach to theory development in the area of the measurement of task difficulty in mathematics 

might productively proceed by extending a previously developed successful theory of language 

ability. In the same way that syntactic and semantic components of written text combine to make 

reading comprehension less or more likely (Stenner, H. Burdick, Sanford-Moore, & D. Burdick, 

2006), for instance, might analogous syntactic and semantic components of mathematical text 

make success on mathematical tasks  less or more likely? Useful measurement systems embody 

the semiotic relationships of words, things, and concepts necessary to communication. In the 

same way that reading comprehension measures are now expressed at least once a year for 30 

million students in the U.S., can anything be done to promote the spread of a mathematical 

ability measure that captures the imaginations of students and teachers?  

Mathematics and language are related historically, conceptually, and genetically in a 

number of ways. The earliest written records are business accounts (Ifrah, 1999).  Galileo 

described the book of nature as written in the language of mathematics (Heelan, 1994), and Hart, 

et al. (2009) found significant genetic associations between mathematical and reading abilities in 

their study of twins. Mathematical symbols are read and interpreted the same as any signs, and 

text interpretation necessarily involves the same cognitive processes as mathematics.  

The semiotic triangle of words, concepts, and things (Ogden & Richards, 1923) is 

expressed in the form of instruments, theories, and data. Symbolization in either mathematical or 

linguistic terms requires demonstrated capacities for pointing at something constant in the world 

using a sign recognizable to persons versed in its use who have some sense of an abstract 

concept that remains constant across particular instances involving different examples of the 

thing and different people speaking, listening, reading, or writing. Abstract concepts are nascent 

theories of things in the world, and are worked out via experimental, trial and error interplay that 

may lead to the introduction of useful new words or tools.  In the context of Rasch measurement, 

one might see the parameters in a model in terms of word tools (items), things in the world 

(abilities), and theoretical concepts (comprehension rates). Similarly, another version of a 

semiotic triangle could have a measurement model informed by a construct specification 
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equation at the theoretical concept point, experimental data at the thing point, and the instrument 

at the word point. 

The role of instruments in science parallels the mediating role of language in the creation 

of meaning. Like words, instruments represent encapsulated reductions of what are often vast 

universes of possibility. The efficiencies gained in quickly communicating something specific 

are significant, as was pointed out by Whitehead (1911, p.61): 

Symbolization of the communtative law (x + y = y + x), for instance, simplifies the 

representation of the idea that 'If a second number be added to any given number the 

result is the same as if the first given number had been added to the second number'. This 

example shows that, by the aid of symbolism, we can make transitions in reasoning 

almost mechanically by the eye, which otherwise would call into play the higher faculties 

of the brain. 

Given the close ties between mathematics and natural language, it is likely that 

MetaMetrics’ conceptualization of text difficulty embodied in The Lexile® Framework for 

Reading is a most helpful jumping off point for an excursion into theorizing about task difficulty 

in mathematics. 

 

Getting Help from the Lexile Framework 

The Lexile Framework provides strong, theory-based construct specification for reading 

comprehension.   A close examination of the Lexile Framework suggests ways to develop strong, 

theory-based construct specification for K-12 mathematics.   As mentioned earlier, the 

framework dirives the construct of reading comprehension from its semantic and syntactic 

components.   In language, the semantic unit comprises words and their building blocks, and the 

syntactic unit comprises phrases and sentences (D. R. Smith, Stenner, Horabin, & M. Smith, 

1989; Stenner, D. R. Smith, & M. Smith, 1988).  

Words that appear more frequently in a language are recognized more quickly than less 

frequent words in a text (Grainger, 1990).  The semantic component of the Lexile Framework 

has been operationalized as a function of word frequency.  More frequent words are associated 

with decreased difficulty; less frequent words with increased difficulty. 

The syntactic component of the Lexile Framework has been operationalized as a function 

of sentence length.  Shorter sentences are read more quickly and, potentially, with fewer 
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comprehension errors (Kintsch, 1998; Masson, 1995).  This phenomenon is entirely congruent 

with working memory theory (Attkinson & Shiffrin, 1968; Baddely, 1986)—namely that 

performance in largely conscious processes degrades as the number of pieces of information that 

working memory must store and manage increases.      

These operationalizations of the syntactic and semantic components in the Lexile 

Framework have worked well.  The correlation between predicted and observed item difficulty 

was .94 in the Lexile pilot study,   In initial validity research involving 14 nationally recognized 

reading comprehension tests, the Lexile measure of the tests’ reading passages and the observed 

difficulty for the passages’ items showed an average correlation of .802, a value that would be 

entirely acceptable for alternate forms of the same test (D. R. Smith, Stenner, Horabin, & M. 

Smith, 1989). 

 

Foundations of the Quantile Framework 

MetaMetrics’s current mathematics framework contains a well-articulated student model 

of proficiency.  The Quantile® Framework for Mathematics is a developmental taxonomy of 

approximately 550 mathematics skills and concepts called Quantile Skills and Concepts (QSCs).  

Each skill is targeted to the grade of “typical first appearance” and aligned to one of six content 

strands, namely Number Sense, Numerical Operations,  Geometry,  Algebra and Algebraic 

Thinking, Data Analysis Statistics, and Probability, and Measurement.  The framework spans 

Kindergarten through high school.  MetaMetrics’ clients currently use the Quantile Framework 

to guide instruction through its network of knowledge clusters composed to related QSCs that are 

aligned with all states’ standards (MetaMetrics, 2006, 2011, 2014).  

The overall difficulty of each QSC was assessed and the score scale created in a field 

study with approximately 9,000 participants and subsequent validation study with approximately 

25,000 participants.   The difficulty measure for each QSC was set as the mean of observed item 

difficulties for that QSC from both studies, but including only those items that were administered 

at the target grade, met psychometric requirements, and were approved by a group of subject 

matter experts (MetaMetrics, 2006, 2011, 2014).  In the validity study, the correlation between 

grade and the observed difficulty of the items was .80, a result consistent with the expected 

increase in task difficulty across grades. 
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Task difficulty can, of course, vary within each QSC, and the main purpose of this 

extension to the current Quantile Framework is to explain and predict such variation. 

 

Semantic and Syntactic Components of Task Difficulty in Mathematics   

Figure 1 shows the general concept map for the hypothesized semantic and syntactic 

components of task difficulty in mathematics.  The semantic component essentially comprises 

mathematical concepts and signs.  The syntactic component comprises complexity and usage 

demands.  The instantiation of the concept map can vary depending on which mathematical 

skill/concept cluster is being modeled.  

Consultation with subject matter experts as well as review of the research literature in 

education, cognitive and developmental psychology, and cognitive psychometrics suggested 

general feature sets to operationalize the concept map (e.g., Donlan, 1998; Embretson, 2002; 

2010; Embretson & Daniel, 2008; Geary, 1995; Graf & Fife, 2013; Royer, 2003; and Zimba, 

2013).  

  



7 

 

NCME 2015, Document1 

Figure 1.  Hypothesized semantic and syntactic components of task difficulty in K-12 

mathematics. 

 

 

 

Semantic elements. The term semantic comes from the ancient Greek term, semasia 

(σημασια), meaning meaning. Where in mathematics is the “meaning” held?   To start, the 

working group included mathematical concepts, symbols, vocabulary, objects (such as equations, 

graphs, tables, and artwork), and mathematical patterns in the semantic component.   

Definitions of “concept” tend to place themselves along several axes that include 

internal-external, active-passive, and reductionistic-holistic.  For instance, the Kant’s “thing-in-

itself”, an unknowable, but real phenomenon is on the external side of the internal-external axis.  

On the other hand, cognitive psychologists of recent decades write of learners “knowledge 

structures, learning spaces, and concept maps” (Doignon & Falmagne, 1999).   The focus is on 

what is going on inside the learner’s mind, rather than on some external truth.   Piaget took the 

active view of the learner and postulated knowledge structures created by the learner, whereas 

most of the cognitive psychologists of the information processing school took a largely passive 
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view of the learner as a computing machine that just runs (S. Jaedecke, personal communication, 

August, 1993).  The Piaget/information processing distinction is also a good example of holistic 

concept formation versus reductionistic concept formation.   The “concept” is clearly more than 

the sum of its components in Piagetian thought, but not in the information processing approach. 

A very useful working model of “concept” for the current project is the abstraction 

model.  It is internal, active, and can be holistic or reductionistic depending on whose abstraction 

model is used.   In psychology, abstraction refers to an individuals’ sifting through the 

underlying regularities in his/her experience to form concepts (Ferrari, 2003; Hershkowitz, 

2001).  For instance, a second grader’s concept of addition might include assertions such as, 

“The sum is always larger than either operand” and “It does not matter which operand comes 

first”.  In computer science, abstraction refers to the progressive “rolling up” of lower level 

details into larger objects.   For instance, lower level objects and methods in a program can be 

combined to create classes.  The user of the classes never needs to work with the underlying 

details. 

The computer science model of abstraction fits well with describing mathematical 

concepts.  For instance, multiplication has been described as a “roll up” of addition (Steffe, 

1995).   Many other concepts can be analyzed as abstractions.  It should be possible eventually to 

create a taxonomy of “abstraction” with the counting of objects at the lowest level (R. Baker, 

personal communication, April, 2013).  Also, this model of abstraction corresponds well with 

conceptualizations of abstractness in vocabulary as the “distance from sensory experience” 

(Pavio, 1968).   

It is clear from the existing Quantile Framework, that concepts involving greater amounts 

of abstraction are associated with greater difficulty.   Testing the hypothesis that the abstraction 

is the key component of this increased difficulty is part of the long-term research plans of the 

working group. 

As the Lexile Framework incorporates word frequency as its semantic component, 

mathematics vocabulary and symbol frequency were included in the semantic components of this 

model.  The hypothesis is that less frequent terms or symbols would be associated with increased 

task difficulty.   

The Common Core State Standards for Mathematics (CCSSM; National Governors 

Association Center for Best Practices and Council of Chief State School Officers, 2010) has as 
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one of its practice standards that students should “look for and express regularity in repeated 

reasoning.”  In fact, mathematics has been called the science of patterns (Devlin, 1994). Hence 

we have included patterns as one portion of the semantic component.  Abstraction of patterns 

plays a role in the solution of many mathematical tasks.  For instance, in series problems, the 

learner must abstract the underlying rule or rules for finding the next number, shape, or Ravens-

type matrix.  In algebraic word problems, the learner must abstract the underlying relationships 

between the quantities described in the problem.   The complexity and abstractness, in the sense 

of removal from sensory experience of a problem, are likely two factors associated with 

increased task difficulty (L. Durakovic, personal communication, April, 2013).    For instance, 

showing that every third number in the interval [1,21] is likely an easier problem than showing 

the same for all natural numbers. The complexity of patterns is also closely linked with the 

syntactic features described below. 

Syntactic elements. The term syntactic comes from the ancient Greek term, suntaktikos 

(σύντακτικός), meaning arranging together. 

Consistent with the Lexile Framework’s operationalization of syntactic complexity as a 

mathematical function of sentence length, “the number of things to do or think” was chosen as 

one element of the syntactic component for task difficulty in mathematics.  For instance, as the 

number of steps required to solve algebraic word problems increases, so does the difficulty of the 

problem (Daniels & Embretson, 2010; Embretson & Daniels, 2008).  Similarly, each regrouping 

required in routine multi-digit addition and subtraction problems increases the difficulty of the 

problem (Simpson, Kosh, Bickel, Elmore, Sanford-Moore, Koons, & Enoch-Marx, 2015).   This 

operationalization of an element of the syntactic component is consistent with theories of 

executive functioning and working memory in cognitive psychology, in which limited, mode-

dependent storage capacities hold the units of information, while executive functioning tracks 

what has been done, and what needs to be done with the information (Baddely, 1986). 

Not all “things to do or think” are created equal.  Zimba (2013) reminds us that some 

steps in a problem may be more difficult than others.    This fact is reflected in the inclusion of 

the “usage of semantic components” element in the syntactic component of the model.  This 

element signifies the presence of particularly difficult steps, e.g., translating the text of a word 

problem into its component mathematical relationships, or regrouping in a multi-digit addition or 

subtraction problem. 
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Automatic Item Generation 

Socrates is reputed to have said, “Know thyself!”   The maxim for automatic item 

generation (AIG), may well be, “Know thy task.”  Identification and quantification of the 

components of difficulty in mathematical tasks is the first step in their control and manipulation. 

Some of a task’s features will be critical in assessing its difficulty, i.e., “key features”; and others 

may be permitted to vary randomly without fear of drastically changing the task’s difficulty, i.e., 

“incidental features.” 

Each of the two main methods for AIG capitalize on the use of “key” and “incidental 

features.”   In pure template-based item generation, test developers create a task template for 

which they believe no key features vary.    For example, a template for a word problem might 

keep the same story, the same syntax, and the same required operations, but the names of the 

characters and the actual numbers involved could vary.   Thus, a single template can be parent to 

a large number of child items. Multilevel IRT (MLIRT) can then be used to assess whether there 

is non-negligible variance in each item family (Cho, DeBoeck, Embretson, & Rabe-Hesketh, 

2014; Gierl& Lai, 2013a; Lai & Gierl, 2013; Luecht, 2013; Shu, Burke, & Luecht, 2010).  Very 

often, an existing task will become the parent item for a template (Burke, Devore, & Stopek, 

2013).   

In theory-based item generation, researchers leverage research findings to select key 

features (Embretson & Yang, 2007)   For instance, Embretson (2002) used information-

processing and spatial processing theories to develop a cognitive model for successful 

completion of Ravens-type matrices tasks.  The model used to generate items contained an 

abstraction component, a working memory component, and several ease of perception variables.   

Other task types visited by proponents of theory-based item generation include spatial, 

processing, geometric series, and GRE-like mathematics word problems (Embretson, 2002, 

2010; Embretson & Yang, 2007; Enright, Morley, & Sheehan, 1999; Graf & Fife, 2013; Gorin & 

Embretson, 2013; Hornke, L. F., 2002). 

Benefits of theory-based item generation. Pure template-based item generation will get 

you where you’re going, but you are unlikely to know where you are when you get there.  

Theory-based item generation carries with it all of the benefits of scientific theory, in particular 

parsimony, explanation, and prediction.  A theory’s parsimony can guide the selection of key 

features.  For instance, a set of tasks may vary on a large number of features, of which only one 
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or two might affect difficulty.   The underlying theory will generally indicate which features to 

systematically vary.  Also, a theory offers explanations for why particular task features are 

associated with increased or decreased task difficulty.   Furthermore, such explanations can 

persist across task types, skill areas, and grade levels.  Such generalization, when present, gives a 

simplicity to the underlying theoretical framework despite its many components and can offer 

direction on extending the theoretical framework to new skill areas or untried grade levels. 

Finally, and perhaps, most importantly, theory can offer specific predictions of the difficulty of 

tasks in the absence of empirical data.    

A hybrid approach to automatic item generation combines the benefits of strong theory 

with the productivity of the pure template-based item generation.  In the hybrid approach, key 

task features, each with several levels, are combined to produce a number of mathematical 

combinations, each with a different predicted value for task difficulty (Embretson, 2010; 

Embretson & Yang, 2007; Gorin & Embretson, 2013).  Multiple items can then be created for 

each combination.  In short, each combination becomes an item family. Through the assessment 

engineering process (Luecht, 2013), the number of feature levels to be manipulated can be 

increased or reduced in order to obtain a within-family variance in difficulty that permits 

exchangeability of items without having a super-abundance of item families.   

 

Discussion 

Mathematics, as well as English text, can be conceptualized as having a semantic and 

syntactic component.   The semantic component is hypothesized to include concepts; 

mathematical symbols; mathematical objects such as equations, graphs, and charts; and 

mathematical patterns.  The syntactic component is hypothesized to comprise the number of 

units of information that a student must attend to and track, such as the number of steps in a 

problem. 

Potential benefits of a unified theory of task difficulty in mathematics. The presence 

of a semantic component gives some advantage over straight information processing theory. 

Traditional information processing theory works very well to explain the functioning of the 

syntactic element in mathematics tasks—difficulty is a function of more pieces.  It is not 

particularly strong in explaining the difficulty of concepts.  Quite often, cognitive psychologists 
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resort to terms such as “mental representation.”   The semantic component with concepts varying 

by abstraction offers more explanatory power and may offer more predictive power. 

Second a unified theory, created to cover all of K-12 mathematics and implemented 

across a large set of skills and concepts presents a tidier bundle of results than the does the body 

of research literature on task difficulty in mathematics.  Psychological experiments tend to 

employ sets of circumscribed stimuli to test the hypotheses, and generalizability of findings 

depends on replication of results across different conditions and stimuli.   Such replication 

happens one experiment at a time, and there remains a lot of blank spots to fill in even after 

several decades.  For instance, in research on children’s mathematical skills, mental addition, 

subtraction, and multiplication have been thoroughly studied, but there is very little research on 

division (Geary, 1995). 

Additionally, a strong theory can put useful tools such as the Lexile and Quantile 

Frameworks into the hands of teachers and researchers without burdening them with having to 

know the inner workings of the tool, i.e., the tool’s users can tell time without “knowing how to 

build a clock” as the old phrase goes.  Whitehead (1911) describes the situation thusly: 

It is a profoundly erroneous truism, repeated by all copy-books and by eminent people 

when they are making speeches, that we should cultivate the habit of thinking of what we 

are doing. The precise opposite is the case. Civilization advances by extending the 

number of important operations which we can perform without thinking about them. 

Operations of thought are like cavalry charges in a battle--they are strictly limited in 

number, they require fresh horses, and must only be made at decisive moments. 

When something identified, conceived, and represented is meaningful and valuable 

enough, the creative advance embodies important operations others can imitate without 

understanding how those operations were derived or motivated. What is crucial to realize is that 

extending the number of important operations we can perform without thinking about them is 

never something accomplished by one person, a committee, or even any single organization or an 

industry. What happens in the course of disseminating a tool like the number zero or an 

invention like the light bulb, for instance, is an alignment and coordination requiring input from 

countless persons unknown to each other with skills and interests that could perhaps never be 

deliberately and planfully organized with the same degree of productivity as that which occurs 

spontaneously. 
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What we have here is Hayek's (1948, p. 54) 

...central question of all social sciences: How can the combination of fragments of 

knowledge existing in different minds bring about results which, if they were to be 

brought about deliberately, would require a knowledge on the part of the directing mind 

which no single person can possess? To show that in this sense the spontaneous actions 

of individuals will, under conditions which we can define, bring about a distribution of 

resources which can be understood as if it were made according to a single plan, although 

nobody has planned it, seems to me indeed an answer to the problem.... 

For a single person to possess the knowledge needed to direct mathematics ability 

measurement, that directing mind would have to have access to every possible item that could 

ever appear on a math test, specify every possible response pattern to every possible collection of 

items that might be administered, and would have to also possess data gathering, computation, 

modeling, and reporting skills on a near-unimaginable scale. And even if this omniscient mind 

could somehow accomplish this, perhaps by means of an infallibly predictive theory, the 

problem still remains as to how to convince teachers they should use the results. 

Plainly, no one in educational research purports to contradict Hayek. It would appear 

patent nonsense to presume to have or obtain the whole picture a directing mind would require to 

be able to bring about generalizable results. But if that is so, then why are so very few 

educational researchers directly taking up Hayek’s question? Is it some kind of fore-ordained 

fate that we must inevitably function with no answer to the question as to how self-organizing 

social and economic relationships evolve? Is it supposed to remain an open secret known and 

understood only by sophisticated insiders? However challenging the technical task may be, and 

however creative our attempts to address it may be, it is insufficient to simply advance a 

functional theory embodied in an instrument capable of supporting inferences from data in hand 

and analyzed, as well as data not yet gathered. Achieving this is difficult enough (Wright, 1997, 

p. 34), but to be practical, a theory-instrument-data assemblage must have more going for it. It 

has to somehow insinuate itself into the world of real relationships.  

For this, as Hayek recognizes, different individuals’ fragments of knowledge have to be 

combined in ways that allow them to spontaneously organize themselves in productive 

relationships, with no need to apply coercive force. For this to occur, there must be some way in 

which they find their interests satisfied more completely or more efficiently than they could 
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achieve on their own. Work elaborating these processes relative to educational measurement is 

underway, as examples of success in facilitating such spontaneous organization exist, both in 

science at large and in education (Fisher & Stenner, 2013b, 2015; Fisher & Wilson, 2015; 

Pendrill & Fisher, 2013, 2015; Stenner & Fisher, 2013).  

Successful theories are shared and put to practical use when deployed in a standardized 

form easily used by persons unversed in the technical principles involved. Given an 

understanding of object permanence, children know that words can refer to persons or things not 

present, even though they know nothing of object permanence or the origins, etymology, and 

phonemic characteristics of the words used. Similarly, thermometers are used in experiments or 

in baking by scientists and chefs ignorant of the metrological principles and practices making 

thermometry possible. In both cases, those familiar with the way words and tools are used can 

take advantage of others’ insights for their own purposes. Communities of educational research 

and practice with practical tools of these kinds can be expected to thrive and grow in ways not 

otherwise possible. This leads us then to the question as to how an assemblage of theory, data, 

and instruments extending the semiotic triangle’s structure and functionality into education 

might be identified, conceived, and represented. 

 

Limitations 

Cognitive theory has a particularly serious limitation in that it is relentlessly nomothetic 

and neglects potential moderating effects of learner characteristics.  Attending to such 

moderating effects has been lauded as a rapprochement between wholly nomothetic and wholly 

idiographic research (Cronbach, 1957; Cronbach & Meehl, 1955; Pellegrino).   The explanatory 

power of this focus is great; however, its predictive power may be slight.   For instance, the 

effect of the working memory load of a task on student performance has often been found to 

interact with individual students’ working memory capacity (Raghubar, Barnes, & Hecht, 2010).   

The explanatory power of this find might lead task designers to develop reduced working 

memory load tasks and teachers to develop interventions for low working memory capacity 

students.   However, for prediction of task difficulty, all that is needed is the overall task 

difficulty and measures of overall student performance. 
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Remaining papers in this session 

The remaining papers in the symposium describe subsequent steps in implementing the 

theory put forth in this paper. 

1. Family Group Generation Theory ─ Large Scale Implementation. In this paper, Lisa 

Bickel and her coauthors describe the challenges of operationalizing semantic and 

syntactic components for over 500 QSCs.  The resulting structure must be vertically 

articulated as well as consistently operationalized. 

2. Creating a hybrid math item generator. In this paper, Mark Kellogg and his coauthors 

describe the structure, evolution, and functioning of the Math Item Generator (MIG). 

3. Initial validation of theory and creation of item families. In this paper, Mary Ann 

Simpson and her coauthors present results from initial validity analyses.   Datasets 

include previously collected student responses from paper-and-pencil tests as well as the 

student responses to the inaugural MIG items. 
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